Abstract. Investigating the rigidly rotating disc of dust with constant specific charge, we find that it leads to an extreme Kerr-Newman black hole in the ultrarelativistic limit. A necessary and sufficient condition for a black hole limit is, that the electric potential in the co-rotating frame is constant on the disc. In that case certain other relations follow. These relations are reviewed with a highly accurate post-Newtonian expansion.
Introduction
Bardeen and Wagoner [1] were able to solve the general-relativistic problem of a uniformly rotating disc of dust by means of a post-Newtonian expansion to very high order. Although their method involved the successive numerical evaluation of integrals they achieved an impressive accuracy even in the extreme relativistic limit. From the exterior perspective, the spacetime approaches the metric of an extreme Kerr black hole (outside the horizon) in that limit. This remarkable prediction was rigorously confirmed with the exact solution to the disc problem by Neugebauer and Meinel [2] , see also [3] . Starting from the exact solution, Petroff and Meinel [4] presented an analytic postNewtonian expansion scheme up to arbitrary order. Recently [5] , a similar analytic expansion scheme was found for the more general problem of a uniformly rotating disc of electrically charged dust (with a constant specific charge) -without knowing the corresponding exact solution. Again, evidence for a black hole limit was given. Based on a further elaboration of the method presented in [5] , the aim of the present paper is a detailed investigation of the electrically charged disc of dust in the extreme relativistic limit. In particular, the behaviour of the gravitational and electromagnetic multipole moments is studied. The results are fully consistent with a spacetime that approaches, from the exterior perspective, the metric of an extreme Kerr-Newman black hole in this limit.
The paper is organised as follows. Section 2 is an introduction to rotating charged dust and its mathematical description. Here we also give a proof for an important parameter equation. In section 3 we give an outline to the post-Newtonian expansion of rigidly rotating discs with constant specific charge and how we can treat the question of its convergence. Section 4 is dedicated to the black hole limit of these discs, and in section 5 we make statements on the leading order behaviour close to that limit. In the Appendix we have provided the first few analytic coefficients of the expansion for the relevant quantities within this paper.
Description of rotating configurations of charged dust in equilibrium

Basic field equations and model of matter
The Einstein-Maxwell equations read ‡
The homogeneous Maxwell equations (2) are fulfilled by a four-potential A a with
The energy momentum tensor T ab for the model of charged dust that we use can be expressed as the sum of a dust part and an electromagnetic part
The baryonic mass density µ is related to the charge density ρ el via
where in general the specific charge is a free function. We assume a purely convective four-current density, i.e.
‡ We use geometrized Gauss units c = G = 4π 0 = 1 and the metric signature (+, +, +, −). Covariant differentiation is denoted by a semicolon and partial differentiation is denoted by a comma. Now we consider isolated and rotating configurations of charged dust in equilibrium, which leads to a stationary spacetime, giving a Killing vector ξ. Furthermore, assuming axisymmetry, we have a second Killing vector η that commutes with ξ. For an asymptotically flat spacetime, the far field behaviour of the Killing vectors is given by
with r = x 2 + y 2 + z 2 and x, y, z being asymptotic Cartesian coordinates, the gravitational mass M and the angular momentum J. The metric can be written globally in terms of Lewis-Papapetrou-Weyl coordinates
with
For a more detailed discussion of equilibrium states and the far field see [6] . Using Lorenz gauge, we get A a = (0, 0, A ϕ , A t ). Altogether, we have to solve the Einstein-Maxwell equations for the five unknown functions f, h, a, A t and A ϕ which depend only on the coordinates and ζ while the angular velocity Ω = dϕ dt and the specific charge are specified by a particular physical model.
Here we choose rigid rotation (Ω = constant) and a constant specific charge . In our units we have ∈ [−1, 1], obtaining static electrically counterpoised dust (ECD) configurations (see [7] and [8] ) for = ±1. In the case of rigid rotation, a global co-rotating frame exists with ϕ = ϕ − Ωt, where the metric retains its form
and the metric functions and electromagnetic potentials transform as
The four velocity in the co-rotating frame can be expressed as
Ernst equations
Outside the dust configuration, we apply the Ernst equations [9] which are equivalent to the stationary and axisymmetry electro-vacuum Einstein-Maxwell equations. Using the abbreviation
for the gravitational mass. Here we will give a short derivation. The Lorentz force density is given by
and orthogonal to the Killing vectors
Gauss law, the local conservation of energy momentum and (27) give us the option to define a set of physical quantities in a coordinate independent way. Gravitational mass M and angular momentum J are given by (see also [14] )
where V is a space-like hyper-surface with the 3-dimensional volume element dV = (3) g d 3 x and the future pointing unit normal n a . The definitions of the gravitational mass M and the angular momentum J are arranged in such a way, that they coincide with the far field behaviour in (8) . From the local mass conservation law (µu a ) ;a = 0 and the continuity equation  a ;a = 0, we get the baryonic mass M 0 and the total charge Q as
With (27) we can define the electromagnetic field energy M em and the electromagnetic field angular momentum J em as
The definitions in (30) are arranged in a way, that they coincide with the electromagnetic field energy and the electromagnetic field angular momentum in classical electrodynamics.
In Lewis-Papapetrou-Weyl coordinates we integrate (30) by parts and use the inhomogeneous Maxwell equations (3). This leads to
So the domain of integration V in (30) (and therefore also in (28)) can be reduced to the volume of the dust. For rigid rotation we can combine (31) and (28) with the help of (14) to
where f and the electric potential α = −A t refer to the co-rotating system. For a constant specific charge, it follows from the equations of motion
evaluated in the co-rotating frame, that
inside the dust and so we get
independent from the shape of the dust configuration.
3. Post-Newtonian expansion of rigidly rotating discs with constant specific charge
Mathematical problem
The dust configuration shall be a circular disc with the coordinate radius 0 , centred in the origin of the Lewis-Papapetrou-Weyl coordinate system (ζ = 0, 0 ≤ ≤ 0 ). The mass density µ can be written formally as µ = σ p ( ) f /h δ(ζ) with the proper surface mass density σ p ( ). By integrating the full Einstein-Maxwell equations over a small flat cylinder around a mass element of the disc, matching conditions between the metric functions and electromagnetic potentials (and their derivatives) at ζ = 0 ± (above and below the disc) can be derived. The interior geometry of the disc itself and the surface mass density can be calculated from these functions as well. Assuming reflectional symmetry, we showed in [5] that the whole problem can thus be reformulated as a boundary value problem to the Ernst equations (16) and (17) with the boundary conditions
on the disc. The last one is equivalent to (34). We also presented a powerful postNewtonian expansion in the parameter
and an algorithm to solve the equations to arbitrary order in γ analytically as well as some results for the first eight orders. Here we extended the calculations to the tenth order, where the general structure of the solution (global pre-factors, polynomial structure, etc.), described in [5] , is still valid.
New charge parameter
The disc solution is a three parameter solution L(p s , p 1 , p 2 ), with p s as a scaling parameter. Here we will use the coordinate radius of the disc 0 or the gravitational mass M as scale parameters. Functions and coordinates scaled with 0 are labelled with a * and those scaled with M are labelled with a • . The other two parameters are γ (strictly speaking √ γ) and = Q/M 0 . For the purpose detailed in section 4, it is more effective to use the dimensionless parameter ψ = Q/M instead of , that is given as
containing as a global pre-factor. In the ECD-limit ( = ±1) we have M = M 0 and therefore ψ ∈ [−1, 1]. Functions with a global pre-factor √ 1 − 2 also have a global pre-factor 1 − ψ 2 .
Question of convergence
A clear statement to the radius of convergence for a power series (39) could only be made, if all coefficients up to infinity, or the full analytic expression are known.
with F NL (γ, ) describing the Newtonian limit. Real calculations could only be done to a finite value of n:
Here we know the first nine coefficients (N = 9). For N ≥ 4 all terms in the expansion of the Ernst equations (16) and (17) contribute to the result. So it seems very likely, that the first nine coefficients c n ( ) indicate the general behaviour and in particular the convergence of the expansion functions from the post-Newtonian expansion. Nevertheless, we can review the situation from a physical point of view. The expansion parameter is strictly speaking √ γ (see the equations (34) in [5] ). So we want to know if we have a well defined physical system in the parameter space
and ∈ [−1, 1]. All functions are either even or odd in √ γ and either even or odd in . Functions related to the rotation of the disc are odd functions in √ γ and have
) Functions related to the charge of the disc are odd functions in . In the limit √ γ → +1 we will approach the ultra-relativistic limit. Changing the sign of √ γ to negative values results in a disc rotating in the opposite direction. As the potentials b and β will change their sign, we get the complex conjugated Ernst potentials that satisfy the Ernst equations as well.
We can also describe the parameter transition from positive to negative values of √ γ. For small values of √ γ we reach the Newtonian limit. In the limit √ γ → 0 the angular velocity Ω and the mass density µ will go to zero. The global solution is the Minkowski spacetime. For small negative values of √ γ we reach the Newtonian limit of the disc with a negative angular velocity Ω. So we have a smooth transition from positive to negative values in √ γ. While the sign of √ γ is related to the direction of the rotation of the disc, the sign of is related to the sign of its charge. For = ±1 we reach the static ECDlimit and the equations of motion (33), which can be interpreted as a generalised force balance for every dust particle inside the disc, can now be interpreted as the balance of electric repulsion and gravitation (see [7] ). For | | > 1 the electric repulsion cannot be compensated, so the spacetime would not be stationary anymore. 
for all n ≥ n 0 . It was used by Bardeen and Wagoner in [1] describing the uncharged case. There the c n are simply numbers, while here we have to deal with functions in or ψ. So (41) is useful in many cases, but it fails if the c n ( ) have zeros in which depend on n. This does not necessarily mean that the power series is not converging, cf. Figure 4 .
Here we can check the convergence criterion (41) only up to n = N = 9. So it can be used to support the assumption that N = 9 > n 0 for the most quantities from the post-Newtonian expansion we have studied here. This is because the K n are increasing with increasing n. In many cases the increasing of the K n is most slowly for = 1, which is the limit of stationarity.
As a last support for the convergence of (40) we investigate its Padé approximation, which gives highly accurate results, as compared with the exact solution [2] for the uncharged case even in the ultra-relativistic limit, see [4] .
Padé approximation
In many cases the convergence of a power series could be accelerated by using the Padé approximation (see [15] ). The Padé approximation to (40) is given by
Therein, the coefficient functions p n ( ) and s n ( ) could be determined by the c n ( ). For that purpose we can equate the coefficients in √ γ from the series expansion of (42) with (40). For the Padé approximation we use √ γ to have a wider scope in choosing L to avoid or minimize the numbers of zeros in the denominator of (42).
The black hole limit
Here we will collect results from the post-Newtonian expansion that indicate most strongly the transition to an extreme Kerr-Newman black hole at γ → 1.
It was shown in [16, 17] that a necessary and sufficient condition for a black hole limit of a uniformly rotating (uncharged) fluid body is given by M − 2ΩJ → 0. In such a limit, the square of the Killing vector χ ≡ ξ + Ωη tends to zero on the surface of the body: χ i χ i → 0. From the exterior perspective, this corresponds to the defining condition of a stationary and axisymmetric black hole. On its horizon H, the Killing vector χ ≡ ξ + Ωη is null, with Ω being the angular velocity of the horizon. In the uncharged disc case ( = 0), this can immediately be seen from (34) and (35). Note that f ≡ −χ i χ i . With charge ( = 0) a black hole limit of our rotating disc occurs if and only if, for γ → 1, the electric potential in the co-rotating frame α ≡ −χ i A i tends to a constant on the disc:
since γ = 1 and α = constant together with (34) mean f = constant = f c = f c = 0 on the disc. Because of the Kerr-Newman black hole uniqueness, see [18] , and the relation
following from (35), we are inevitably led to an extreme Kerr-Newman black hole, cf. [19] . There is also another simple argument showing that the black hole limit of the disc must lead to an extreme black hole: For the Kerr-Newman black hole, the horizon H is located at a finite interval on the ζ • -axis (
, that turns to zero in the extreme case (l = 0). This is the only possible "compromise" with the shape of the disc, and it means in addition, that the coordinate radius 0 of the disc must tend to zero in the limit:
It should be noted that we are dealing here with the exterior perspective, where the disc shrinks to the origin of the Weyl coordinate system, which also gives the location of the Kerr-Newman black hole's horizon. As discussed by Bardeen and Wagoner (for the uncharged case), the disc region can be considered as a "singularity" in the horizon, whereas from the interior perspective (corresponding to finite coordinates * , ζ * ), the disc remains regular for γ → 1 and is surrounded "by its own infinite, nonasymptotically flat universe" [1] . For a detailed discusion of these two perspectives in the ECD case, see [8] .
In coordinates normalized by the gravitational mass M the extreme Kerr-Newman black hole can be expressed with the parameter ψ. The Ernst potentials on the axis of symmetry are given as
For that reason we will investigate the post-Newtonian expansion in ψ. Interestingly the convergence for the first nine coefficients at γ = 1 is faster in ψ then in . The extreme Kerr-Newman black hole obeys the parameter relations
and
If there is a transition to the extreme Kerr-Newman black hole, then certain functions R(γ, ψ) must go to zero for γ → 1 and ψ ∈ [0, 1]. In that case with
the inequality
or
hold for a particular υ(γ). It remains to show that S(γ, ψ) or S −1 (γ, ψ) converge at γ = 1. For that we can use the convergence criterion (41) for the majority of cases.
In the majority of cases, we will present the results in a split figure. In part (a) we present the value of a quantity for γ = 1 using increasing expansion orders N to show the convergence behaviour and sometimes using a Páde approximation in √ γ assuming a better convergence then the power series expansion. In part (b) we present the values of the convergence criterion (41) for increasing orders n. The critical value 1 is marked by a dotted line (red).
Functions on the disc: First of all we want to show that the condition (43) is fulfilled. This follows if f ( * ≤ 1, ζ * = 0) = 0. For that purpose we investigate
In Figure 1 (a) we see that S D stays finite on the disc for γ → 1. Figure 1 (b) shows that the convergence criterion (41) 
Disc radius:
In order to show, that the disc radius 0 vanishes for γ → 1, we will investigate the ratio
In Figure 3 (a) we can see that the inequality
of type (53) is fulfilled. Figure 3 (b) shows, that the K n from (41) exceed one for large values of n. The analytic value in the uncharged case is All in all we find that in the limit γ → 1 the disc radius 0 tends to zero.
Parameter relations from the extreme Kerr-Newman black hole: Now we check the parameter relations (48) and (49). Note that Ω and J have the global pre-factor 1 − ψ 2 . At first we will investigate the quantity
In Figure 4 (a) we can see that S Ω stays finite at γ = 1. The singular behaviour of the K n around ψ = 0.5 (b) can be explained by the zeros of the coefficient functions c n (c).
Although (41) is not valid in a small interval in ψ, the convergence of S Ω is extremely good there, which can be seen in (a). It turns out that the quantity
= − 3π 10γ 1 + 39 20
The ratio M * (1 − γ) in the limit γ → 1 for increasing expansion orders N and for two Páde approximations P [6, 12] in √ γ (dashed dotted lines, blue/green) (a) and the convergence criterion for increasing n (b).
converges and stays finite in the limit γ → 1 (see Figure 5 ). This is a check for (49) and moreover it means that J
• can be written as
with lim γ→1 S J = −c 2 . We will use this result in section 5.
If (48) and (49) hold for the disc at γ = 1, it follows with (35) that
In accordance with (50) we identify the constant in (43) to be
Conclusion: Within the high accuracy of these calculations we can state that the solution describing rigidly rotating discs of charged dust has a transition to an extreme Kerr-Newman black hole. The multipole moments also fit in this result, as implied in the next section.
Leading order behaviour close to the black hole limit
Interestingly, it turns out that the power series expansion at γ = 0 could be used to make a statement about the leading order behaviour for the power series expansion at γ = 1. The uncharged case is discussed analytically in [20] . For this purpose we 
and e n = e n ψk n 1 − ψ 2 n/2
Herein the k n correspond exactly to the coefficients m n and accordingly e n /ψ of a Kerr-Newman solution with mass M , angular momentum J and charge Q. Thus 
γ → 1 for increasing expansion orders N and for a Páde approximation P [3, 15] in √ γ (dashed dotted line) (a) and the convergence criterion for increasing n (b).
(a) (b) Figure 6 : The quantity 1 − ψ 2 − e 1 (1 − γ) −2 in the limit γ → 1 for increasing expansion orders N and for a Páde approximation P [13, 5] in √ γ (dashed dotted line) (a) and the convergence criterion for increasing n (b).
m n = e n = (1 − ψ 2 ) n/2 for black holes, and they are equal to m
• n and accordingly e
• n /ψ in the extreme case.
In the black hole limit we checked dm
up to n = 11, while the second derivatives of the m n at γ = 1 are only zero in the uncharged case. We already showed that (65) holds for m • 1 . It follows with (60) that dm
for any fixed value of n. This is important, because some quantities have a better (faster) convergence then others. We present the following two important quantities as examples: The magnetic dipole moment e 1 and the gravitational quadrupole moment m • 2 , namely we investigate
In Figure 6 (a) and 7 (a) we see that S e 1 and S m 2 stay finite in the limit γ → 1. The convergence criterion for S e 1 is fulfilled in the regular parameter space and for S m 2 up to |ψ| ≤ 0.99 at n = 8 (see Figure 7 (b)). We find a similar convergence behaviour for the electric quadrupole moment e • 2 , while for higher multipole moments, up to n = 11, the convergence criterion is fulfilled in the entire regular parameter space.
For the following discussion we assume that (65) holds for all n ≥ 0. If this is the case the Ernst potentials E and Φ can be expanded at γ = 1 in the following way: The series starts with the Ernst potentials E KN and Φ KN of the Kerr-Newman solution with mass M , charge Q and angular momentum J and the first order term in (1 − γ) is zero:
Φ(M, J, Q; ζ) = Φ KN (M, J, Q; ζ)
Comparing (60) with the power series expansion from J • at γ = 0, we can state that 
It is equal to one if γ = 1 or ψ = ±1. This means that E KN and Φ KN are given by the axis potential of a "hyperextreme" Kerr-Newman solution for γ < 1 and |ψ| < 1. The Kerr-Newman solution already contains the first multipole moments M, J and Q. Therefore, in the far field the second order term in (1 − γ) for E starts with order ζ −3
whereas the term for Φ starts with order ζ −2 . All together we found strong evidence that the disc solution near the ultrarelativistic limit at γ = 1, and not to close to the disc itself, could be approximated very well by a "hyperextreme" Kerr-Newman solution with the same gravitational mass, angular momentum and charge.
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Appendix: Coefficient functions
General structure of an approximated function (see (40)): see Appendix C. in [5] .
• Funtion on the disc f ( * ≤ 1, ζ * = 0):
)
